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Abstract
In this work we consider a Cauchy problem for a nonlinear viscoelastic equation. Under suitable conditions on the initial data
and the relaxation function, we prove a finite-time blow-up result.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
In [1], Messaoudi considered the following initial–boundary value problem:
ut t −1u +
∫ t
0
g(t − τ)1u(τ )dτ + ut |ut |m−2 = u|u|p−2, in Ω × (0,∞)
u(x, t) = 0, x ∈ ∂Ω , t ≥ 0
u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Ω
(1)
where Ω is a bounded domain of Rn (n ≥ 1) with a smooth boundary ∂Ω , p > 2,m ≥ 1, and g : R+ −→ R+ is a
positive nonincreasing function. He showed, under suitable conditions on g, that solutions with initial negative energy
blow up in finite time if p > m and continue to exist if m ≥ p provided that
max{m, p} ≤ 2n − 1
n − 2
if n ≥ 3. This result was later pushed, by the same author [2], to certain solutions with positive initial energy. A
similar result was also obtained by Wu [3] using a different method.
In the absence of the viscoelastic term (g = 0), the problem has been extensively studied and many results
concerning global existence and nonexistence have been proved. For instance, for the equation
ut t −1u + aut |ut |m = b|u|γ u, in Ω × (0,∞) (2)
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m, γ ≥ 0, it is well known that, for a = 0, the source term bu|u|γ (γ > 0) causes finite-time blow-up of solutions
with negative initial energy (see [4]). The interaction between the damping and the source terms was first considered
by Levine [5,6] for the linear damping case (m = 0). He showed that solutions with negative initial energy blow up in
finite time. Georgiev and Todorova [7] extended Levine’s result to the nonlinear damping case (m > 0). In their work,
the authors introduced a different method and showed that solutions with negative energy continue to exist globally
‘in time’ if m ≥ γ and blow up in finite time if γ > m and the initial energy is sufficiently negative. This last blow-up
result has been extended to solutions with negative initial energy by Messaoudi [8] and others. For results of the same
nature, we refer the reader to Levine and Serrin [9], Vitillaro [10], Messaoudi and Said-Houari [11], and Kirane and
Tatar [12].
For the problem (2) in Rn , we mention, among others, the work of Levine, Serrin and Park [13], Todorova [14,15],
Messaoudi [16], and Zhou [17].
In this work, we are concerned with the following Cauchy problem:
ut t −1u +
∫ t
0
g(t − s)1u(x, s)ds + ut = |u|p−1u, x ∈ RN , t > 0
u(x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ RN
(3)
where g, u0, u1 are functions to be specified later. Such problems arise in viscoelasticity and in systems governing
the longitudinal motion of a viscoelastic configuration obeying a nonlinear Boltzmann’s model. Our aim is to extend
the result of [17], established for the wave equation, to our problem. To achieve this goal some conditions have to be
imposed on the relaxation function g.
2. Blow-up
In this section we present some material needed in the proof of our result, state, without a proof, a local existence
result, which can be established, combining the arguments of [18] and [19], and prove our main result. For this reason,
let us assume that
(G1) g : R+ → R+ is a differentiable function such that
1−
∫ ∞
0
g(s)ds = l > 0, g′(t) ≤ 0, t ≥ 0.
Proposition 2.1. Assume that (G1) holds and 1 ≤ p < NN−2 if N ≥ 3, and p ≥ 1, if N = 1, 2. Then for any initial
data
u0 ∈ H1(RN ), u1 ∈ L2(RN ),
with compact support, problem (3) has a unique local solution
u ∈ C([0, T ); H1(RN )), ut ∈ C([0, T ); L2(RN )) ∩ L2([0, T )× RN ) (4)
for T small enough.
Remark 2.1. (G1) is necessary to guarantee the hyperbolicity of the system (3).
We introduce the “modified” energy functional
E(t) := 1
2
(
1−
∫ t
0
g(s)ds
)
‖∇u(t)‖22 +
1
2
‖ut‖22 +
1
2
(g ◦ ∇u)(t)− 1
p + 1‖u(t)‖
p+1
p+1, (5)
where
(g ◦ v)(t) =
∫ t
0
g(t − τ)‖v(t)− v(τ)‖22dτ. (6)
In order to state and prove our main result, we need the following.
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Lemma 2.2 ([17]). Suppose that Ψ is a twice continuously differentiable function satisfying
Ψ ′′(t)+Ψ ′(t) ≥ C0(t + L)βΨ1+α(t), t > 0,
Ψ(0) > 0, Ψ ′(0) ≥ 0, (7)
where C0, L > 0, −1 < β ≤ 0, α > 0 are constants. Then Ψ blows up in finite time.
Theorem 2.3. Assume that (G1) holds and 1 ≤ p < NN−2 if N ≥ 3 and 1 ≤ p, if N = 1, 2. Assume further that(∫ t
0
g(s)ds
)
<
2p − 2
2p − 1 . (8)
Then for any initial data (u0, u1) ∈ H1(RN )× L2(RN ), with compact support, satisfying
E(0) = 1
2
‖u1‖22 +
1
2
‖∇u0‖22 −
1
p + 1‖u0‖
p+1
p+1 ≤ 0,
∫
RN
u0u1dx ≥ 0, (9)
the corresponding solution blows up in finite time.
Proof. By multiplying the equation in (3) by ut and integrating over RN , using integration by parts and repeating the
same computations as in [1], we obtain
E ′(t) = 1
2
(g′ ◦ ∇u)− 1
2
g(s)‖∇u‖22 − ‖ut‖22 ≤ 0; (10)
hence,
E(t) ≤ E(0) ≤ 0. (11)
To apply Lemma 2.2, we define
Ψ(t) = 1
2
∫
|u(x, t)|2dx . (12)
Therefore,
Ψ ′(t) =
∫
utudx, Ψ ′′(t) =
∫
ut tudx +
∫
|ut |2dx . (13)
We then use Eq. (3) to estimate (13) as follows:
Ψ ′′(t) =
∫
ut tudx +
∫
|ut |2dx
= −
∫
|∇u|2dx −
∫
∇u(t).
∫ t
0
g(t − s)∇u(s)dsdx −
∫
uutdx +
∫
|u|p+1dx +
∫
|ut |2dx . (14)
On using∫
∇u(t).
∫ t
0
g(t − s)∇u(s)dsdx
=
∫ t
0
g(t − s)
∫
∇u(t).[∇u(s)−∇u(t)]dxds +
(∫ t
0
g(s)ds
)∫
|∇u(t)|2dx,
Eq. (14) becomes
Ψ ′′(t) = −
(
1+
∫ t
0
g(s)ds
)∫
|∇u|2dx −
∫ t
0
g(t − s)
∫
∇u(t).[∇u(s)−∇u(t)]dxds
−
∫
uutdx +
∫
|u|p+1dx +
∫
|ut |2dx . (15)
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We then use Young’s inequality to estimate the second term in (15):∫
∇u(t)
(∫ t
0
g(t − s)[∇u(s)−∇u(t)]ds
)
dx
≤ δ
∫
|∇u(t)|2dx + 1
4δ
∫ ∣∣∣∣∫ t
0
g(t − s)[∇u(s)−∇u(t)]ds
∣∣∣∣2 dx
≤ δ
∫
|∇u(t)|2dx + 1
4δ
(∫ t
0
g(s)ds
)
(g ◦ ∇u), ∀δ > 0. (16)
By combining (15) and (16), we get
Ψ ′′(t) ≥
(
−1− δ +
∫ t
0
g(s)ds
)
‖∇u‖2 − 1
4δ
(∫ t
0
g(s)ds
)
(g ◦ ∇u)
−
∫
uutdx +
∫
|u|p+1dx +
∫
|ut |2dx . (17)
Now, we exploit (5) to substitute for ‖∇u‖2; thus (17) takes the form
Ψ ′′(t)+Ψ ′(t) ≥ −2 (1+ δ −
∫ t
0 g(s)ds)
(1− ∫ t0 g(s)ds) E(t)+
[
(1+ δ − ∫ t0 g(s)ds)
(1− ∫ t0 g(s)ds) + 1
]
‖ut‖22
+
[
(1+ δ − ∫ t0 g(s)ds)
(1− ∫ t0 g(s)ds) −
1
4δ
(∫ t
0
g(s)ds
)]
(g ◦ ∇u)(t)
+
[
1− (1+ δ −
∫ t
0 g(s)ds)
(1− ∫ t0 g(s)ds)
2
p + 1
]
‖u‖p+1p+1. (18)
At this point we choose δ > 0 so that
(1+ δ − ∫ t0 g(s)ds)
(1− ∫ t0 g(s)ds) −
1
4δ
(∫ t
0
g(s)ds
)
≥ 0, 1− (1+ δ −
∫ t
0 g(s)ds)
(1− ∫ t0 g(s)ds)
2
p + 1 > 0.
This is, of course, possible by (8). Thus (18) becomes
Ψ ′′(t)+Ψ ′(t) ≥ γ ‖u‖p+1p+1. (19)
Now, we use Ho¨lder’s inequality to estimate ‖u‖p+1p+1 as follows:∫
|u|2dx ≤
(∫
|u|p+1dx
) 2
p+1 (∫
B(t+L)
1dx
) p−1
p+1
, (20)
where L > 0 is such that
supp{u0(x), u1(x)} ⊂ B(L),
and B(t + L) is the ball, with radius t + L , centered at the origin. If we call WN the volume of the unit ball then∫
|u|p+1dx ≥
(∫
|u|2dx
) p+1
2
(WN (t + L)N ) 1−p2
≥ 2 1+p2 Ψ 1+p2 (t)(WN ) 1−p2 (t + L) N (1−p)2 . (21)
Consequently, we have
Ψ ′′(t)+Ψ ′(t) ≥ 2 1+p2 Ψ 1+p2 (t)(WN ) 1−p2 γ (t + L) N (1−p)2 . (22)
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It is easy to verify that the requirements of Lemma 2.2 are satisfied with
C0 = γ 2 1+p2 (WN ) 1−p2 > 0, β = N (1− p)2 < 0, α =
p − 1
2
> 0. (23)
Therefore Ψ blows up in finite.
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